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ABSTRACT

Real number codes can be derived from most existing GF
error correcting codes. This approach provides a fresh view
on the fields of error correcting codes and signal process-
ing. In this article we study the parallel concatenated codes
(PCC), also known as ”Turbo Codes” (TC) on the real num-
ber field. We derive a known generalization of the cod-
ing matrix and a non-iterative decoding algorithm. We also
present some simulation results comparing the decoding sta-
bility of real number Bose, Chaudhury and Hocquenghem
(BCH) codes with real number PCC.

1. INTRODUCTION

Turbo codes represent one of the greatest development in
many years in the field of coding theory. They deserved
the attention of many researchers after their introduction
in 1993 by Berou, Glavieux and Thitimajshima [1]. This
effort, leaded to a great evolution, transforming the turbo
coding in a mature topic [2, 3]. The coding gain achieved
by the TC is very close to the Shannon limit but recently
another coding scheme, called Low-Density Parity-Check
Codes, unveiled the work of Galleger [4] introducing an-
other improvement on the attainable coding gain.

In this article we show that the coding matrix of a com-
plex number PCC is a frame robust to contiguous erasures.
This kind of frame has several applications such as over-
sampled filter banks or systems with resilience to additive
noise [5].

In this article we will study complex number PCC, in a
effort to generalize some results and improve the knowledge
in this topic. Some authors have studied in the past [6, 7, 8,
9, 10] complex number versions of BCH and other types
of codes but most of them, did not address the problem of
numerical stability of the decoding algorithms [8, 12].

The first section introduces the coding and decoding pro-
cess of BCH codes on the complex field. The following
section describes the PCC on the complex field as a gener-

alization of the BCH codes. In section 4 we will compare
the numerical stability of both types of codes. Some pre-
liminary results and simulations concerning the stability of
PCC will be presented.

2. BCH CODES ON THE COMPLEX FIELD CVY

Consider the NV order DFT matrix definition
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and the following partition
F= [ G H ] ,

where G isa N x K matrix and H is N x (N — K). This
partition can be generalized and G can be formed with any
K columns of F' to obtain different symmetry properties.
Ina (N, K) BCH code, a codeword x € R¥ is generated
by multiplication of a message m € RY by the generator
matrix G

z = Gm.

If we want both vectors x and m, to belong to the real
number field some symmetry properties have to be observed
and the ODFT transform can also be used [11].

If the vector z is stored or transmitted and some samples
are corrupted, then the received signal y would be

y=r+te,

where the error vector e has ¢ samples different from zero at
positions given by the complementary set .J, with .J a sub-
setof {0,1,2,... ,N — 1}. So, the correcting algorithm is
able to reconstruct the message m from the known received
samples y; if t < N — K [12]. There are several methods



to obtain m from y; [12] and a class of them are equiva-
lent to find the solution in a minimum square sense of the
following system

vy =Gym, (1)
which can be found by
m =Gy, @

The notation A; stands for the lines of A with index given
by the set .J, and A7 is the pseudo inverse of A.

Because we are doing the coding on the real field some
small amplitude errors are introduced during the coding and
decoding process due to roundoff or due to quantization ap-
plied to the coded vector = before transmission or storage.
This noise affect all samples and can originate decoding er-
rors if the system of equations (1) is ill posed. So, numer-
ical stability is a problem of great importance and we will
address it in section 4.

3. TURBO CODES ON THE COMPLEX FIELD CV

Parallel concatenated codes, as the BCH codes, can also be
implemented using the complex number field C"V. In figure
1 we can see a block diagram describing this type of cod-
ing, where a message signal m with K samples is coded
in two different signals x; and x,. The first signal is ob-
tained multiplying the signal m by the matrix G of dimen-
sion (N/2 x K). The signal x5 is obtained performing first
a permutation P on the samples of the vector m, and mul-
tiplying the result by the same matrix G. At the end of this
article we will show, that is possible to generalize this type
of coding, by doing more than 2 partitions of the generator
matrix.

The coding operation to obtain the signal x;can be de-
fined as

oy = FON/2) { " }

X
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Fig. 1. Block diagram of a turbo coder, where a signal m
with K samples is coded in two different signals x; and x5,
with N/2 samples each, and N > K.

where N/2— K zeros where padded at the end of the vector
m. If we consider a partition of FIN/2) = [ G H | we
get

m

n=[C H]{O

] = Gm. 3)

On the other hand, the other codeword can be obtained by
zo = FN/2 [ Pom } )

with P a given permutation matrix, and if we use the same

partition of F(N/2) we get

Pm

r2=[ G H][ "

] = GPm. @)
In both codewords, errors may occur. Denoting the received

signals by

Y1 = T1+er

Yo = T2+t e2

where e; and ey are the error vectors. Using equations (3)
and (4), we can write the following equation

2[5

If we make the following change of variables

(2] -]

we can finally write
r=G'm.

This coding equation transforms a message vector m € R¥
into a codeword 2 € R™. Concatenating the error vectors
we obtain the error vector e which can have a maximum of
t < N — K samples different from zero.

The decoding of a PCC code can be obtained as in the
case of the BCH code by solving the following system of
equations

Yyj = G{]ma
which can be solved by
m=(G)) "y

It is possible to generalize the construction of a (N, K)
PCC by observing that we have formed its coding matrix
from a matrix G obtained from a N/2 order DFT instead of
a N order, as used in the BCH code. It is possible to obtain



a (N, K) PCC using for example matrices G of N/4 order
and three permutation matrices

G
GP
GP»
GP;

G =

4. STABILITY OF PARALLEL CONCATENATED
CODES IN CN

In this section we will show preliminary results proving
the robustness to burst errors of parallel concatenated codes
(PCC, also designated by Turbo Codes), when compared to
BCH codes in the complex field C. Some simulation results
will be presented and a first attempt of justification will be
given.

4.1. Stability of BCH Codes in CV

Consider the set of vectors
Z ={Gi}ties

where G; are lines from the matrix G of a BCH code and J
defined as before. The set Z forms an Harmonic tight frame
and a subset of £ > K vectors of Z forms a frame [13]. The
frame condition is defined by

2 2 2
alla|* < (@, G < b,
icJ
where a and b are the frame bounds. Introducing the deci-
mation matrix D defined as follow

D — 1, if i=j and i€ J,
Y0, otherwise

the frame condition can be written in algebraic form
al < G”DG <bl.

It is possible to show that the frame bounds a and b are given
by
b= )\IIla)U

a = Amin,

with Apin and Apax being the minimum and the largest
eigenvalue of G DG.

The lines of the generator matrix GG of a BCH code, can
be interpreted as an Harmonic tight frame, and a set of ¢ >
K lines of GG is a frame. Defining the condition number [14]
of a matrix A as

we can see that the condition number x (G DG) is only
a function of D or, which is the same, of the erasures po-
sitions given by the set J. Including the matrix D in the
notation of equation (1), using the fact that G; = (DG);
andy; = (Dy) ;, we obtain

m = (DG)" Dy,
but as
At = (AT A)T AH
we get
m = (G"DG) ™ G" Dy.

This equation shows the importance of the condition num-
ber of G DG in solving this system of equations. To il-
lustrate this problem we have evaluated x (G DG) for all
possible patterns .J, for the following problem: t =7, N =
20 and K = 8. In figure 3 we have « in lexicographic or-
der for all (%) erasures patterns and in figure 2 we have
sorted the values of k. The peak values in figure 3 (BCH
plot) corresponds to cases where the erasures positions are
contiguous. In this case even for small dimension problems
one can get a  that exceeds the arithmetic machine preci-
sion resulting in large reconstruction errors.

4.2. Stability of PCC in CV
Consider now the set of vectors
X = {G;}ieJ

where G, are lines from the matrix G’ of a PCC code and
J defined as before. The frame bounds of this frame expan-
sion is given by

allal® <3 [z, GHI* < bl (5)

ieJ

and introducing the decimation matrix

[D 0
o= 5]

we can write the expression

al < G'DG < I,

or in expanded form

al< | GH ((;P)HH%1 132 ][GGP}<M’

which can be written as

al <G"D,G+ (GP)" D,GP <bI. (6)



Note that the matrix G’ DG’ is Hermitian positive definite,
because D? = D and DY = D and then we can write

G'"pP DG’ = (DG DG
From equation (5) we can write the frame bounds as

a = )\IIliIl (G/HDG/)
= /\Inax (G/HDG/)

and using equation (6) we have for any eigenvalue of G’ DG’

\i (G"D1G + PP GY D,GP) >
Xi (G"D1G) + X; (P"GTD,GP).

The previous result shows that the presence of the positive
definite matrix P GH Dy G P prevents A iy (G’ HDG") from
being too small. The condition number of the matrix G’ DG’
depends on the permutation P and on the decimation ma-
trix D and is usually smaller than the condition number
of the matrix G DG for the BCH codes. In figure 3 we
have the condition number of the PCC in lexicographic or-
der for all possible (%) error patterns. In figure 2 we have
the same graphic but with the samples ordered by value of
(G DG'), and we can see that the PCC have always
a smaller condition number than the BCH code. However,
this fact is not always true and depends on the permutation
P.

In figures 4 and 5 we can see the distribution of the
eigenvalues of matrices G’ DG’ and G DG for a recon-
struction problem with 80 erasures at contiguous positions
where K = 20 and N = 256. We can see that the quotient
Amax for the BCH matrix G DG is larger than for the PCC

Amin
casc.

5. CONCLUSIONS

The PCC proved to be more numerically stable, since its
decoding matrix has a better condition number regardless
of the error pattern. They also have a better capability to
correct burst errors. It also deserve some attention the fact
that the PCC perform well despite of the arithmetic field
used: Galoy field or Real/Complex field. This results are
preliminary and deserve a more profound and systematic
study.
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Fig. 2. To generate this plot, we evaluated the condition
number of the decoding matrices of a BCH and TC codes,
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Fig. 3. In this figure we compare the condition number of
matrices G’ and G g lexicographically ordered by the era-
sure pattern. It is possible to confirm that the TC in this
case is more robust to burst errors.
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Fig. 4. PCC case: the sorted eigenvalues of G’ DG’ for a
block size of N = 256 and a message length of K = 20.
The 60 erasures occured in a contigous way. The condition
number is only 246.
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Fig. 5. BCH case: the sorted eigenvalues of G* DG for a
block size of N = 256 and a message length of K = 20.
The 60 erasures occured in a contigous way. The condition
number of 3.5 x 107 is larger than the one obtained in figure
(4). Note that in both figures we have the log;, (A).

[3] Sergio Benedetto and Guido Montorsi, “Unveiling
turbo codes: Some results on parallel concatenated
coding schemes,” IEEE Transactions on Information
Theory, vol. 42, no. 2, pp. 409—428, Mar. 1996.

[4] Robert G. Gallager, Low-Density Parity-Check Codes,
Ph.D. thesis, M.I.T., Cambridge, Massachusset, 1963.

[5] Vivek K. Goyal, Martin Vetterli, and Nguyen Thao,
“Quantized overcomplete expansions in RV: Anal-
ysis, synthesis, and algorithms,” [EEE Transactions
on Information Theory, vol. 44, no. 1, pp. 16-30, Jan.
1998.

[6] T. G. Marshall Jr., “Coding of real-number sequences
for error correction: A digital signal processing prob-
lem,” IEEE Journal on Selected Areas of Communica-
tion, vol. 2, no. 2, pp. 381-391, Mar. 1984.

[7] Richard E. Blahut, Fast Algorithms for Digital Signal
Processing, Addison-Wesley, 1985.

[8] Paulo J. S. G. Ferreira, “The condition number of
certain matrices and applications,” in ICASSP 99,
Phoenix, Arizona, U.S.A., May 1999, IEEE.

[9] Ramdas Kumaresan, “Rank reduction techniques
and burst error-correction decoding in real/complex
fields,” in Proceedings 19th Asilomar Conference Cir-
cuits and Systems, Pacific Grove, CA, Nov. 1985, pp.
457-461.

[10] Hamid Soltanian Zadeh and Andrew E. Yagle, “A fast
algorithm for extrapolation of discrete-time periodic
band-limited signals,” Signal Processing, vol. 33, no.
2, pp. 183-196, Aug. 1993.

[11] Jos¢ M. N. Vieira, Reconstrugdo de Sinal e
Codificacdo, Ph.D. thesis, Universidade de Aveiro,
Aveiro, Portugal, Feb. 2000.

[12] Paulo J. S. G. Ferreira, “Mathematics for multimedia
signal processing II - discrete finite frames and signal
reconstruction,” 1998.

[13] Peter G. Casazza and Jelena Kovacevic, “Uniform
tight frames with erasures,” Advances in Computa-
tional Mathematics - special issue on Frames, 2002.

[14] Roger A. Horn and Charles R. Johnson, Matrix Anal-
ysis, Cambridge Press, New York, 1985.



		2002-07-29T03:05:01+0000
	Universidade de Aveiro, Portugal
	Jose Manuel Neto Vieira
	I am the author of this document




