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Stability Issues in Error Control Coding in the
Complex Field, Interpolation, and Frame Bounds

Paulo J. S.

Abstract—We give bounds for the eigenvalues and condition
number of a matrix, with applications to error control coding in
the complex field, spectrum analysis, the missing data problem,
interpolation, and the determination of discrete finite frame
bounds.

Index Terms—Condition number, eigenvalues, error control
coding, frame bounds, frames, interpolation, numerical stability,
real codes.

|. STATEMENT OF THE PROBLEM

LL SIGNALS considered here are vectarss R™, with
components or samples denoteday). Periodic exten-
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the relative error satisfying [1]

llo=l] < k(A)
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The condition numbex(A) is therefore crucial for the estima-
tion of the relative error.

Note thatS is an x n submatrix of the ideal low-pasg x N
matrix B that preserve@m + 1 harmonics out ofV (B has
2m + 1 eigenvalues\ = 1, and N — (2m + 1) eigenvalues
A = 0). Therefore, by the interlacing inequalities [1], one has
0 < AS) <1.

Whenn < N — (2m + 1), A becomes nonsingular, indepen-

sionz(i) = z(N + ) is tacitly assumed. Consider the functiordently of thei,, [2], but its conditioning ranges from excellent

. A sin 7(2m 4+ 1)E/N
ml&) = — N TE/N

1)

a set ofn distinct integerqix }7_;, n < N, and the matrices

" N 1
S= [Sab]a, p=1 = [Bm(ia — 'Lb)]a,bzl

)

andA = I — S. The problem addressed is the following.
Problem A: To obtain bounds for the eigenvalug&A) and

to extremely poor and critically depends on theExperimen-
tally, it can be verified that increasing the separation between
the; improves the conditioning. Studying the problem formu-
lated above leads to a better understanding of this behavior.
When thei;. are consecutive integers mad(and sod = 1),
the asymptotic equivalence ¢f to the prolate matrix can be
combined with results that go back to Slepian [3] and Grenander
and Szego [4] to quantify its ill-conditioning. The prolate ma-
trix has even been proposed as a good test matrix for numerical
algorithms [5]. Our interest in the cade> 1 is due to the fol-

(spectral) condition numbe( A), under the hypothesis that thelowing factors.

[ta — @] > d|a — b

for some integet > 1 (subtractions modv, andl < a,b < n

with @ # b). It will also be assumed that there is a maximum

separation ofV/2, that is,|¢, — 4| < N/2.

» Consider then signalshy(j) 2 $m(j—ir), 1 <k < n.
Can anyr € RY band-limited to2m + 1 harmonics be
written as a linear combination of the translatesh;?
Do they form a discrete finite frame for this subspace of
band-limited signals? What are the frame bounds? Since
(x(-), $m(- — @)} = =z(ix), the by, form a frame with
bounds« andg if

The mod N subtractions are a natural consequence of the

periodicity of the signals.

Il. MOTIVATION AND APPLICATIONS

aflz|* < |=(@)F < Bl

k=1

But

The matrixA = I — S occurs in several problems, some of

which are mentioned below. Understanding its conditioning is

important in practice, when instead of solvidg: = b, one is
forced to solve

A(x +6x) =b+ 6b
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Y la(in)® = || DBe|?

k=1

whereD;, ;, = 1, otherwiseD;; = 0. Thus,« and/ can

be found from the singular values 6fB or equivalently,
the eigenvalues aB DB or DBD. The observation that
(DBD),, is either zero o5,, = B(i, — i3) leads back

to Problem A.

Equations involving4 or closely related matrices occur
in the estimation of missing samples, interleaving fac-
tors, and relaxation constants for iterative reconstruction
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methods, as described in [2] and [6]. Our results geneand

alize those in [6] and [7], where thig are multiples of the LA g ]

same integer. sT() = Sm—t+41 (4) (4)
* In a cyclic block code implemented with the FFT, thg,, comer > 1, which satisfy

DFT of a message dfm + 1 samples is padded with

N — (2m + 1) samples, leading to a low-pass signal of 0< s (k) < sp(k) < sT(k). (5)

N samples. Theoretically, up to= N — (2m + 1) era- ] L N .

sures a{iy, }7_, can be corrected (in the time or frequencyVe associate with™ ands™, the matrices

domain [8]). The matrix of the time domain equations is Gt — [S*]"’ A (8% (ia — i )]n
exactly A. The problem may be ill-conditioned, even for abla, b=1 @™ Wl p=1
very small blocks. The present results show how the condi- S™ = [S;)]Z - 2 [87 (i — ib)];‘ et

tion number varies as a function of tha, }7_, and there-

fore, the extent to which the solution is affected by errorEhe matricesS, S+, andS— are symmetric, and their extreme

in the data as a function of the error patternn, andN. eigenvalues are the extreme values of the associated quadratic
« The difficulty of estimating the parameters of a harmonit®rms over the unit ball. Equation (5) shows that they are non-

signal with frequencies proportionalipfrom a subset of negative definite and that they satisfy

its samples increases as the minimum separation between _

the frequencies decreases. Our results quantify the numer- 0<s”<s5<s7 ©)

ical difficulty as a function of the minimum frequency sepwhereas their eigenvalues satisfy

aration. For a discussion of the connections between this

problem, algorithm-based fault-tolerant computing, and Amax(S7) € Amax(S) < Amax(ST),

other tOpiCS, see [9] )\min(S_) < )\min(S) < )\111in(5+)~ (7)
« BCH or Reed-Solomon codes over the complex field [10]

have been claimed as advantageous for wireless chanridl§ condition number of — 5 is given by

[11]. However, the stability issue has not been studied. A Amax(T = 8) 1= Amin(S)
Such study can be based on the results given here. Rl = 5) = = =5 = 1= wm(S)’
lll. RESULTS The bounds
The Geggorin discs associated with the matfbare the sets Amax(S) € Amax(ST) < 51(0) + max R;(ST)  (8)

Di 2 {7 € C: |z — Su| < Ri(S)}
Awin(8) 2 Amin(§7) 2 57(0) — max Ri(57)  (9)

n—1
A _
. = 1-— min
N Rz(S) E - |Su|- Ii([— S) < A S )
J:

it

These discs are not useful, becasis not diagonally domi- STT 57(0) — max Ri(S 1) (10)
nant. The numbers,, (%) do not decrease sufficiently fast with g
k (there are abrupt changes in its IDE;J,(k), which is of rect-  We will need the following upper bound on the radius of the

angular shape). To solve this difficulty, consider Gessgorin disc of the matrix that correspondssfo
2 W . 1
_ sin T g, 7m0 S s la — i) < 3 E——
§fn(£) = N N a#b a#b Nf gin? 227
.92 71'5 N
N/ sin® — 1
N < ;
2 I’() —_ g
wherem and? are given positive integers (such tRétn +¢) < b NI [ ( ’N Lb)}
N). Thes‘ (i) (i = 0,1, ---, N — 1) are proportional to the 1
DFT of the discrete even-trapezoidal sigegl(s) that vanishes < 5
for |i| > m + ¢, satisfiess(i) = 1 for |i| < m, and decreases kb Ny [Zd(a - b)}
linearly from unity at = m downto zero at = m-+£. Note that
st (¢) has rectangular shape for= 1, that is,5%, (=) reduces to < N Z 1
1) T Al S (a— D)

We will need the following two additional signals:
2N 1 =N

st (4) 3) T AR 2 T 12Ud

(1L

s*)
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d leads to more stable problems. The result can be applied as

described in Section Il.

Noting that
2m + £
~f o
Srn(o) - N
combining (3) with (8), and (4) with (9), leads to (1]
[2]
2m+4¢ wN
< - A,
Amax(9) £ ==+ 757 3)
2m—4+2 72N
. > —
Amin(5) 2 N 12¢d2°
[4]
The upper bound is minimized (and the lower bound maxi-
mized) when 5]
, N (6]
0= —F7—-
12d
Vi2 [71
At least one of the integers closest4pwill yield the tightest (8]
bound. The exact value @ leads to the approximation
[9]
2m+1 27w _i ~2m+1:t ﬁ_i
N Ji2d N)~ N d N
(10]

for the interval containing the eigenvalues.
The bound for the condition number is independent of the;
matrix order and follows from (10). It confirms that increasing
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